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It is shown that an n-edge connected graph has at least [(n - 1)/21 pairwise 
edge-disjoint spanning trees. This bound is best possible in general. A maximal 
planar graph with four or more vertices contains two edge-disjoint spanning 
trees, For a maximal toroidal graph, this number is three. 
1. INTRODUCTION AND DEFINITIONS 
We shall be concerned here with the problem of obtaining bounds on 
the maximum number (t) of pairwise edge-disjoint spanning trees in a 
finite graph G. We show in particular that t is intimately connected with 
edge-connectivity of the graph. 
The value of t has been determined for maximal planar graphs and for 
maximal toroidal graphs. 
A graph G = (V(G), E(G)) will consist of a finite set of vertices V(G) 
and a finite set of edges E(G), each edge joining a pair of distinct vertices. 
(Two vertices may be joined by two or more parallel edges.) A contraction 
of G is defined as follows. Let P = {PI, Pz ,..., P,} be a partition of the 
vertex set V(G) such that each set in P induces a connected subgraph. 
Let vi , 1 < i < m, be the vertices of a graph GP in which corresponding 
to every edge in G that joins a vertex in Pi to a vertex in Pj there is an edge 
joining vi to v, . We think of GP as being obtained from G by shrinking 
each member of P to a single vertex. The graph Gp is called a contraction 
of G. A spanning tree of G is a tree subgraph with same vertices as those 
of G; two spanning trees are said to be edge-disjoint if they have no 
common edges. We define tree-density of G as the maximum number of 
pairwise edge-disjoint spanning trees. A closely related concept is the 
minimum number of sets in a partition of the edges E(G) such that each 
set in the partition induces a forest. This number is known as the arboricity 
of G. The tree-density of a graph is clearly bounded above by the arboricity. 
We denote by t = t(G) the tree-density of G. Finally, the minimum 
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number of edges whose removal from the graph results in a disconnected 
graph is called the edge-connectivity of G. In particular, the edge- 
connectivity of K, (complete graph on 12 vertices) is equal to (n - 1). 
The following theorem of Tutte and Nash-Williams [3, 41 plays a 
central role in what follows. 
THEOREM 1. A graph G has k pairwise edge-disjoint spanning trees if 
and only if the number of edges (counting parallel edges) in any contraction 
graph GP of G satisfies the following condition: 
2. RESULTS 
The following theorem gives bounds on the tree-density in terms of 
edge-connectivity of the graph. 
THEOREM 2. Let G be an e-edge connected graph. Then the tree-density 
of G is bounded by 
e-l 1 1 __ <t<e, 2 
where [xl denotes the least integer not less than x. 
Proof. The right-hand inequality follows from the observation that 
in order to disconnect the vertices of G, it is necessary to disconnect each 
of the t edge-disjoint spanning trees. Therefore, the edge-connectivity is 
at least t. On the other hand, let t be the tree-density of G. There exists a 
contraction GP such that it has, say, m vertices and at most (t + l)(m - 1) - 1 
edges. Therefore, some vertex of GP is incident with no more than 
d = 2 . ct + ‘)crn - ‘) - l 
m 
edges. The edge connectivity of GP being e or more, we get e < d < 2(t + 1) 
from which the left-hand inequality follows. 1 
In [2], Fulkerson has given constructions, for arbitrary n and e < n - 1, 
of e-edge connected graphs on n vertices having [en/21 edges. (See also 
[l, 51.) Thus the lower bound in (2) is attained. On the other hand, the 
upper bound is attained for maximal toroidal graphs with small e (e = 3). 
In general, adding two vertex disjoint graphs G,, G, by t = min(t(G,), t(G,)) 
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edges between their vertex sets gives a graph where t equals its edge 
connectivity. 
Let G be a graph. We say G is embedded in a surface S when its vertices 
are represented by points in S and each edge by a curve joining corre- 
sponding points in S such that no curve intersects itself and two curves 
intersect each other only at a common vertex. By a region we mean a 
connected component of the complement of the point set belonging to the 
vertices and edges of G. A graph G is planar if it can be embedded in the 
plane. G is called maximal planar if there is an embedding of G such that 
each region is bounded by three edges. Note that if G has no parallel 
edges, then this definition coincides with the usual definition that addition 
of any edge to G results in a nonplanar graph. A maximal toroidal graph 
is defined in a similar way. First, we define a toroidal graph as a graph 
that can be embedded on the torus but not on the plane; G is called 
maximal toroidal if G is toroidal and for some embedding every region 
has three sides. The following is a topological lemma. 
LEMMA 3. Let G be a toroiakl graph embedded on a torus. Then every 
region is topologically equivalent to the plane. 
Proof. It follows from the classification theorem for surfaces with 
boundary that every region is topologically equivalent to a plane or a plane 
with holes in it. But the latter is not possible since it would imply that G 
has a planar embedding. 1 
The next corollary is a direct consequence of the lemma. We denote 
by [S] the point-induced subgraph on a vertex set S C V(G). 
COROLLARY 4. If P = {PI, P, ,..., P,} is a partition of the vertex set 
of G (G as in Lemma 3), then at most one of the point-induced graphs [Pi] 
is toroidX. 
ProoJ: Clearly, each of the graphs [Pi] is either planar or toroidal. 
Suppose P1 induces a toroidal graph. Each region of the embedding 
(as a subgraph of G) of [PJ is therefore topologically equivalent to the 
plane. Since each vertex set Pi, 2 < i < m, is contained in one of these 
regions, they induce planar graphs. 1 
We shall now obtain tree-density of maximal planar graphs and 
maximal toroidal graphs. 
THEOREM 5. If G is a maximalphmar graph, possibly with parallel edges, 
and has at least four vertices, then t(G) = 2. 
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Proof. Let / V(G)] = n. Since I E(G)1 = 3n - 6 and a spanning tree 
has n - 1 edges, we get t < 2. Let G, be a contraction of G. Clearly, 
G is a maximal planar graph except for extra parallel edges maybe. Thus 
or 
I E(Gd 3 3 I V&4 - 6 
I EtWI - X VW - 1) 3 I JTGP)I - 4 (3) 
If GP has 4 or more vertices, the right-hand side of (3) is non-negative. 
For 1 V(G,)l < 3, we observe that GP is obtained by a contraction of a 
4-point maximal planar graph. (More precisely, GP contains such a 
contraction.) Hence the left-hand side of (3) is non-negative. The theorem 
is proved. 1 
We remark that for n > 5, one can actually show t(G - e) = 2, where 
G - e is the planar graph obtained by deleting the edge e from G, provided 
that each vertex of G - e has degree 3 2. 
THEOREM 6. Let G be a maximal toroidal graph with no parallel edges 
and 7 or more vertices.l Then t(G) = 3. 
Proof. From Euler’s formula, we get / E(G)/ = 3n, where n = I V(G)/. 
Thus t < 3. Now let GP be a contraction of G corresponding to a partition 
P = {PI ) P2 )...) P,> of V(G). Let I Pi / = ni, where ni 2 3 for i < k and 
ni = 2 for k + 1 < i < k + q. By Lemma 4, I E([P,])) < 3 * I Pi I - 6 
for all i < k except possibly for, say, i = 1 where I E([P,])j < 3 . I PI I. 
Let 6 = 1 if k > 0 and zero otherwise. Therefore, 
lE(Wl >3n- [,G(3ni-6)+q+68] 
= 6(k - 6) + 2q + 3(m - k), 
and consequently, 
1 E(G,)I - 3(m - 1) > 6(k - 6) + 2q + 3(1 - k) 
which is non-negative for all k. Hence, we get t = 3. B 
If G is as in Theorem 6, then one can construct from G a 3-edge con- 
nected maximal toroidal graph H as follows. Start with a region A of G, 
which is necessarily bounded by three mutually adjacent edges. Let X, y, 
z be the three vertides on the boundary of A. To G add a vertex w inside 
the region A and join w to each of x, y, z by an edge. The resulting graph 
1 A maximal toroidal graph has at least 7 vertices. (t(&) = 3.) 
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has the required properties. A set of three pairwise edge-disjoint spanning 
trees of G is easily transformed to a set of corresponding trees for H by 
adding to each of the trees in G an edge incident with W. For graph H, 
we have t = e = 3. Figure 1 shows a maximal toroidal graph and three 
disjoint spanning trees. (Points with identical labels are identified, as are 
the edges with identical endpoints.) 
FIG. I. A maximal toroidal graph with 12 vertices. Three edge-disjoint spanning 
trees are indicated in solid, broken, and dotted lines, respectively. 
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